In this paper, some general results on pure ideals and some particular results on the trace ideal of a projective module are obtained. 0 2010 Mathematics Subject Classification: 13C10, 19A13, 13C11, 13A15.
Introduction
Over the past years and specially more recently, studying trace ideals of modules has been in the main focus of various mathematicians, see e.g. [2] , [5] , [6] , [7] , [9] , [13] and [14] . This is also one of the main topics of the present paper and we obtain some new and technical results on the trace ideal of a projective module. We also prove some new results on pure ideals which is another main subject of this paper. The well known result Corollary 4.5, which reveals the interaction between pure and trace ideals and justifies the title of this paper, is also proved by a new approach. Corollary 4.8 is another interesting result which its proof confirms the existence of a deep connection between pure and trace ideals. In summary, Theorems 3.1, 4.1, 4.4 and Corollaries 3.2, 4.3, 4.6 are amongst the most important results of this paper.
Preliminaries
In this paper, all rings are commutative. 
This, in particular, implies that if ϕ : R → S is a morphism of rings then (e k ⊗1) k∈K is a basis for the free S−module F ⊗ R S.
A projective R−module is also called R−projective.
Pure ideals
An ideal I of a ring R is called a pure ideal if the canonical ring map R → R/I is a flat ring map. Pure ideals are quite interesting and play an important role in commutative and non-commutative algebra. The following results are our contribution to this topic.
As an application of Theorem 2.1, we obtain the following result. 
Second proof. The flatness is a local property, so we can assume that R is a local ring. If I 1 and I 2 are two ideals of a local ring R then
The annihilator of a free module F is either the zero ideal or the whole ring, according as F = 0 or F = 0. Thus R/I is R−free iff either I = 0 or I = R.
Corollary 3.2. Let M be a finitely generated flat R−module with the annihilator I. Then I is a pure ideal.
Proof. Suppose there is some f ∈ I such that Ann(f ) + I = R. Thus there exists a prime ideal p of R such that Ann(f ) + I ⊆ p. Then, by Theorem 2.1, I p = 0. Hence there is some s ∈ R \ p such that sf = 0. But this is a contradiction. Thus by Theorem 3.1, I is a pure ideal.
We have proved the following well known result by new and short methods. To see more equivalents please consider [4, Tag 04PS]. It is easy to see that the trace ideal of a free module F is either the zero ideal or the whole ring, according as F = 0 or F = 0. The above theorem has many interesting consequences.
The following result is well known, see [1, Propositions A.1. and A. 3. and Theorem A.2. ] and [12, after Proposition 1.3]. We prove it by a new and short method. The following result is well known, a sketch of its proof can be found in [7, p. 16 ] also see [13, p. 269 ]. We provide a new and complete proof for it. Proof. If M is a projective R−module then for each prime ideal p of R, by Theorem 4.4, tr Rp (M p ) = J p where J = tr R (M). But it is well known that every projective module over a local ring is free, see [8, Theorem 2] . This yields that either J p = 0 or J p = R p . Hence, by Corollary 3.3, J is a pure ideal.
It is important to notice that the "commutativity" assumption of Corollary 4.5 is crucial. If we drop this assumption then the assertion does not hold anymore, see [7, Example 1.2] . In [7, Proposition 1.1] the converse of Corollary 4.5 is also proved which states that if I is a pure ideal of a ring R then there exists a projective R−module whose trace ideal is equal to I. is finitely generated.
We provide an alternative proof to the following result. Proof. By Lemma 4.7, it suffices to show that tr R (I) = R. If not, then there exists a maximal ideal m of R such that J := tr R (I) ⊆ m. There exists a minimal prime ideal p of R such that p ⊆ m. By the hypotheses, there exists some x ∈ I such that x / ∈ p. We have I = IJ ⊆ J, see Theorem 4.1. By Corollary 4.5, J is a pure ideal and so by Theorem 3.1, Ann(x) + J = R. But Ann(x) ⊆ p and so Ann(x) + J ⊆ m. This is a contradiction and we win.
